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We investigate the violation of non-local realism using entangled coherent states (ECS) under nonlinear op-
erations and homodyne measurements. We address recently proposed Leggett-type inequalities, including a
class of optimized incompatibility inequalities proposed by Branciard et al., Nature Phys. 4, 681 (2008) and
thoroughly assess the effects of detection inefficiency.
PACS numbers: 03.65.Ud; 03.65.Ta; 42.50.Xa
Correlations among systems are important in modern phys-
ical science. They frequently allow us to unveil hidden as-
pects of natural phenomena and, remarkably, they represent
a powerful litmus test in the study of the differences between
classical and quantum worlds. In fact, quantum mechanics
allows correlations which have no counterpart in the classi-
cal domain and thus represent the intrinsic advantage opon
which some applications of quantum information processing
are based [1].
The concepts of entanglement and non-locality [2] em-
body the most striking examples of the profound implications
of quantum correlations in the behavior of multipartite sys-
tems [2]. The work by Bell in this respect is a milestone in
providing a fundamental test for proving how the (intuitively
reasonable) joint assumptions of locality and realism are in
striking contrast with the description of quantum mechanical
correlations [2, 3]. The enormous interest given to investiga-
tions around Bell’s inequality in the last thirty years, however,
has not yet clarified in an unambiguous way the interplay be-
tween the two assumptions. In this context, the proposal by
Leggett for a non-local realistic model stands as a seminal
contribution [4], which has encountered a quickly-growing in-
terest by the physics community at both the theoretical and
experimental level. The original idea by Leggett has been re-
cently put within the grasp of current state-of-the-art experi-
mental capabilities by a clever re-formulation of his incom-
patibility theorem [5]. Some of the most demanding assump-
tions behind the formalism in the latter work have been sub-
sequently relaxed in a way so as to make the experimental test
of non-local realism more experimentally-friendly. In partic-
ular, the requirement for rotational-invariance of the correla-
tion function entering Leggett’s inequality can be successfully
bypassed [6–8]. The efforts conducted so far have almost ex-
clusively involved linear-optics settings where bi-photon en-
tangled states generated via parametric down conversion have
been used as resources for testing non-local realistic assump-
tions [5–9]. In these cases, the probed non-classical corre-
lations were encoded in the discrete-variables embodied by
photonic polarization degrees of freedom.
However, it has long been known that quantum correlations
encoded into states of continuous variables (CV) can violate
Bell’s inequalities: among others, Banaszek and Wo´dkiewicz
have proven that Bell’s inequality as formulated by Clauser-
Horne-Shimony-Holt (Bell-CHSH) can be violated by Gaus-
sian CV states upon parity measurements and displacement
operations [10] and Chen et al. have identified a pseudo-spin
formalism which optimizes the Bell-CHSH inequality viola-
tion [11]. Jeong et al. have studied Bell’s inequality tests for
CV states with dichotomic observables [12] while Paternostro
et al. have addressed the case of Gaussian CV states measured
by standard homodyne detectors [15].
Remarkable examples of CV resources are provided by en-
tangled states of two quasi-distinguishable coherent states,
or entangled coherent states (ECSs) [16], which are use-
ful resources in many quantum information processing tasks.
While, for the sake of conciseness, we omit a discussion on
the ample range of applications that ECSs have found in these
years [17, 18], it is important to mention that Bell’s inequality
violation with ECSs and their mixtures has been successfully
investigated using, for instance, photon-parity measurements
and dichotomic measurements [12, 13, 19]. More recently,
it has been shown that even threshold detectors or classical
measurements such as homodyning (which are both unable to
reveal single quanta) can be used for a Bell-CHSH test, when
an appropriate set of local operations is available [20]. This
approach has been useful in the demonstration of non-locality
properties of highly mixed states close to the classical border,
as in Ref. [14], where it was shown that even extremely in-
efficient measurements in the classical limit may be used to
demonstrate significant violation of local realism.
Guided by the success in revealing Bell’s inequality viola-
tions with ECSs, here we investigate non-local realism of an
ECS through local nonlinear operations and homodyne detec-
tion and prove that the violation of Leggett-type inequalities is
not an exclusive privilege of discrete-variable quantum corre-
lated systems [14]. We develop a formal apparatus for the de-
termination of the proper joint correlations entering Leggett-
type functions proposed in recent formulations of inequalities
showing the incompatibility of non-local realism and quantum
mechanics. Remarkably, we demonstrate that for an ECS hav-
ing large enough amplitudes of its coherent state components,
which makes them explicitly multi-photon, the degree of vio-
lation of such inequalities becomes optimal and the associated
Leggett functions mimic the behavior expected for two-qubit
singlet states. We also study the effects of homodyne detec-
tion inefficiencies and highlight a strategy to counteract them.
Differently from any test performed with bi-photon states, our
proposal allows to compensate the spoiling effects of detec-
2tion inefficiencies simply by preparing an appropriate ECS
resource, which can be done off-line. Moreover, an interest-
ing comparison between Bell and Leggett functions against
the amplitude of an ECS is revealed, which is a unique fea-
ture of our study. Although the experiment proposed here
presents some challenges, its experimental realization is not
far fetched. In fact, we believe our study will provide addi-
tional motivations towards the achievement of large nonlin-
ear effects in quantum optical devices for tests of fundamental
physics and the processing of quantum information.
The remainder of this paper is organized as follows. In
Sec. I we first briefly discuss the basic assumptions in
Leggett’s original model [4] and concisely discuss their im-
plications for non-local correlations. We then introduce the
entangled resource we use throughout our study, the local
unitary operations that Alice and Bob should implement and
obtain an explicit form for the universal correlation function
of the outcomes associated with bilocal homodyne measure-
ments. This will be the building block for the analysis per-
formed in Sec. II, where the simplest of the Leggett-type in-
equalities proposed in Refs. [6, 7] is studied. Sec. III ad-
dresses the case of a recently derived optimal Leggett-type
inequality, which is quantitatively studied and compared to
the case of Sec. II. In Sec. IV we account for the effects of
detection inefficiency, showing that a strategy exists for effec-
tively counteracting such non-ideal experimental conditions.
Finally, Sec. V summarizes our findings and presents a brief
discussion on issues of practical feasibility of the proposed
experiment.
I. RESOURCE, TOOLS AND GENERAL FORMALISM
A. Brief summary of Leggett’s inequality
The model introduced by Leggett in his 2003 paper [4] fol-
lows other investigations aiming at identifying the fundamen-
tal features that define quantum mechanics. Given the state of
a bipartite system (in [4] this was encoded in the polarization
degrees of freedom of bi-photon states), the crucial assump-
tion in Leggett’s model is that purity of the state of each local
subsystem should be retained. The marginal probabilities as-
sociated with local measurements performed on each of the
subsystems should thus be compatible with such an assump-
tion (they should be valid non-negative probability distribu-
tions). However, Leggett’s model does not make any assump-
tion on the joint correlations between different measurement
outcomes on the two subsystems, thus explicitly allowing for
a degree of non-locality (i.e., Leggett’s model can in general
violate a Bell’s inequality). The main point of Ref. [4] is that
the compatibility requirements imposed on local marginals are
strong enough to constrain even the non-local correlations.
Quantum mechanics violates such constraints.
Various formulations of Leggett’s original argument have
been recently put forward and violation of non-local realism
by polarization-encoded entangled states has been experimen-
tally demonstrated in a series of seminal papers [5–8]. It is
worth mentioning that, differently from the case of a Bell’s
inequality, where the bound imposed by local realistic theo-
ries does not depend on the measurement settings used in the
actual implementation of the test, non-local realistic models
enforce constraints that critically depend on the measurements
being implemented. In the remainder of this paper we address
two of such formulations and show that ECSs violate them up
to the maximum allowed by a given configuration of measure-
ment settings. In order to avoid unnecessary redundancies and
technicalities, we refer to Refs. [5–8] for the full derivation of
the inequalities that will be used here.
B. Resource state and tools
In this Subsection we formally introduce the class of CV
states used in our analysis together with the formalism and
tools necessary for the measurements required by the Leggett
tests at hand. Although bosonic modes of any nature could
well be used in order to realize our proposal, it is natural to
consider hereafter ECSs of optical field modes. Among the
states falling into the family of ECSs, we consider
|ECS〉AB =
|α, α〉AB + |−α,−α〉AB√
2(1 + e−4|α|2)
, (1)
where |α〉 = Dˆ(α) |0〉 is a coherent state of amplitude ampli-
tude α, Dˆ(α) = exp[αbˆ† −α∗bˆ] is the displacement operator,
|0〉 is the vacuum state of a field mode with associated creation
(annihilation) operator bˆ† (bˆ). In what follows, for easiness of
calculation and without affecting the generality of our discus-
sions, we consider only the case of α ∈ R. After generation
of state (1), modes A and B are distributed to two agents, for
definiteness called Alice and Bob, respectively. These have
the task of performing local effective rotations and homodyne
measurements over the respective subsystem. A sketch of
such a thought experiment is shown in Fig. 1.
Differently from an optimized Bell-CHSH inequality,
which requires measurement settings identified by vectors ly-
ing on the equatorial plane of a single-qubit Bloch sphere,
Leggett’s inequality needs the ability to perform out-of-plane
measurements [5]. This means that the following transforma-
tions should be realized (j=A,B)
|α〉j → sin
θj
2
|α〉j + e−iϕj cos
θj
2
|−α〉j ,
|−α〉j → eiϕj cos
θj
2
|α〉j − sin
θj
2
|−α〉j .
(2)
The 2×2 matrix describing Eq. (2) in the
space spanned by {|α〉 , |−α〉} can be decom-
posed into the sequence of elementary rotations
Uz(−ϕj/2)Ux(pi/4)Uz(ϑj/2)Ux(pi/4)Uz(ϕj/2) with
Ux,z(ξ) = Exp[iξσx,z] and where σk is the k-Pauli matrix
(k = x, y, z). We now use the analysis performed in [18],
where it is shown that the effect of Uz(ξ) on a coherent
state |α〉 can be effectively approximated by a phase-space
displacement operation Dˆ(iξ/2α), while Ux(pi/4) can be
implemented by means of a proper Kerr-like single-mode
3nonlinearity UˆNL = Exp[−ipi(aˆ†aˆ)2/2]. Therefore, the
physical implementation of Eqs. (2) would be given by the
sequence
Rˆ(θj , ϕj)=Dˆj(−iϕj/4α)UˆNLDˆj(iθj/4α)UˆNLDˆj(iϕj/4α).
(3)
From now on, the explicit form of Eqs. (2) will be speci-
fied by the directions of the unit vectors a ≡ (θA, ϕA) and
b ≡ (θB, ϕB) identified by the corresponding set of angles
expressed in spherical polar coordinates. After a lengthy but
straightforward calculation, one gathers the explicit transfor-
mation experienced by |±α〉j
|α〉j →
1
2
{
e
iθj
4
[
|α+ iθj
4α
〉+ ie
iϕj
2 |−α− iϕj
2α
− iθj
4α
〉
]
+ie−
iθj
4
[
e
iϕj
2 | − α− iϕj
2α
+
iθj
4α
〉+ i|α− iθj
4α
〉
]}
,
|−α〉j →
1
2
{
ie
iθj
4
[
i|−α− iθj
4α
〉+ e−
iϕj
2 |α− iϕj
2α
+
iθj
4α
〉
]
+e−
iθj
4
[
ie−
iϕj
2 |α− iϕj
2α
− iθj
4α
〉+ | − α+ iθj
4α
〉
]}
.
(4)
These expressions are the starting point of our analysis. Af-
ter the local transformations implemented by Alice and Bob,
homodyne measurements are performed on system A and
B [22]. These are arranged so that mode A (B) is projected
onto the in-phase quadrature eigenstate |x〉 (|y〉) [14, 15]. We
can thus determine the joint probability-amplitude function
C({θ}, {ϕ}, x, y) =AB 〈x, y|Rˆ(θA, ϕA)Rˆ(θB, ϕB)|ECS〉AB,
(5)
where {θ} ≡ {θA, θB} and {ϕ} = {ϕA, ϕB} identify the
two sets of relevant angles. For our test, we need a set of
bounded dichotomic observables which we construct by as-
signing value +1 to the outcome of a homodyne measurement
at Alice’s (Bob’s) site such that x ≥ 0 (y ≥ 0) and −1 other-
wise. The joint probability of outcomes is thus written as
Pkl({θ}, {ϕ}) =
∫ ks
ki
dx
∫ ls
li
dy|C({θ}, {ϕ}, x, y)|2, (6)
where the subscripts k, l = ± correspond to Alice’s and Bob’s
assignments of outcomes ±1 and the integration limits are
such that +s = ∞,+i = −s = 0 and −i = −∞. We can
now introduce the correlation function
CL({θ}, {ϕ}) =
∑
k,l=±
Pkk({θ}, {ϕ})−
∑
k 6=l=±
Pkl({θ}, {ϕ})
(7)
which is needed in order to build up the proper Leggett-
type function. The explicit calculation of CL({θ}, {ϕ}), per-
formed by using the dependence of 〈x|α〉 on Hermite polyno-
mials and the Rodrigues formula [22], leads to
CL({θ}, {ϕ}) = e
−(1/8α2)
∑
j=A,B(8iα
2+4θj+ϕj)(4θj+ϕj)
32(1 + e4α2)

8e4α
2+(1/8α2)
∑
j=A,B(8iα
2+8θj+ϕj)ϕj
∏
j=A,B
[f−θj,0 + e
8iθjfθj,0]
− 4e4α2
∏
j=A,B
[f−θj ,−ϕj − e2θj(4i+ϕj/α
2)fθj,−ϕj ]− 4e4α
2+2i(ϕA+ϕB)
∏
j=A,B
[e2θjϕj/α
2
f−θj,ϕj − ei8θjfθj,ϕj ]
+8ei
∑
j=A,B(4θj+ϕj)
∏
j=A,B
[e2θjϕj/α
2
gθj,−ϕj + gθj ,ϕj ]


(8)
with fθj,ϕj = Erf[
√
2α+ i(4θj + ϕj)/2
√
2α] and gθj,ϕj =
Erfi[(4θj + ϕj)/2
√
2α]. This equation is the building block
for the non-local realistic tests performed in Secs. II and III.
II. LEGGETT-TYPE INEQUALITY VIOLATION
In this Section, we use an ECS resource for a Leggett-
type test that does not require the impractical average of the
correlation function over infinitely many measurement set-
tings but, at the same time, does not rely on properties of
rotational invariance of CL({θ}, {ϕ}), as instead required
in [5]. We make use of the simplest version of the class
of inequalities discussed in [6, 7]. Specifically, in Ref. [6],
CL({θ}, {ϕ}) should be evaluated using seven pairs of bi-
partite measurement settings. We therefore introduce the unit
vectors a ≡ (θA, ϕA) and b ≡ (θB , ϕB) specified by the
set of corresponding angles in spherical polar coordinates. A
Leggett-type inequality can now be tested by considering the
unit vectors a1,2,3 and b1−7, each specifying a rotation that
Alice (Bob) should perform on her (his) mode. Explicitly
a1 = b5 ≡ (pi/2, 0), a2 = b6 ≡ (pi/2, pi/2),
a3 = b7 ≡ (0, 0), b1 ≡ (pi/2, ϕ), b4 ≡ (ϕ, pi/2) (9)
with b2 and b3 which are found from b1 and b4, respectively,
by taking ϕ→ pi/2+ϕ. These vectors are clearly represented
4FIG. 1: Scheme of the experiment for testing non-local realism with
an entangled coherent state (ECS). The source generates an ECS of
the form considered in the body of the paper. Alice and Bob perform
local rotations through the sequence of unitary operations in Eq. (3).
The locally-rotated optical states are then mixed with a strong lo-
cal oscillator (LO) and homodyne detectors (HDs) are used for final
measurements. The leftmost and rightmost spheres show the direc-
tions of the vectors identifying the measurement settings at Alice’s
and Bob’s sites respectively.
in the Bloch spheres of Fig. 1. With these definitions, we
consider the Leggett function [6, 7]
L= |CL(a1,b1)+CL(a2,b2)+CL(a1,b5)+CL(a2,b6)|
+|CL(a2,b3)+CL(a3,b4)+CL(a2,b6)+CL(a3,b7)|.
(10)
In contrast with a Bell-CHSH test, Leggett’s non-local real-
istic theory imposes a bound on L which actually depends
on the relative direction of the measurement-setting vectors.
Specifically, the inequality that non-local realistic models
should satisfy reads L ≤ 8 − 2| sin(ϕ/2)| [6, 7]. In what
follows we show that an ECS of sufficiently large amplitude
α always violates this constraint.
Both the bound and the Leggett function have been plotted
in Fig. 2 (a) against the angle ϕ. In analogy with what hap-
pens in a Bell-CHSH test on ECS performed with homodyne
measurements [20], we expect the dependence of the Leggett
function on the amplitude α of the ECS resource. In fact,
both the degree of violation and the values of ϕ such that L is
larger than the corresponding bound depend on α, as shown
in Fig. (2) (a), where the cases of α=10 and 60 are presented.
On the other hand, the value of ϕ maximizing the discrep-
ancy with the non-local realistic theory is insensitive to the
amplitude of the coherent states. Numerically, we have found
that the function L = L − 8 + | sin(ϕ/2)| that measures the
degree of violation of such non-local realistic model is max-
imized for ϕ ≃ 0.25 radians, which is the value we retain in
our calculations. For this choice of ϕ, Fig. 2 (b) reveals that
the maximum degree of violation is achieved quite quickly as
α grows. For α & 10, a quasi-plateau is achieved close to
L ∼ 7.87, which is in excellent agreement with the expected
value of L, at ϕ = 0.25, for a pure singlet state [6, 8]. This
demonstrates that non-local realistic models should be aban-
doned for an ECS of large enough amplitude. Even modest
values of α allow for the maximum violation of such Leggett-
type inequality, therefore mimicking the results expected and
observed for the singlet state of two qubits.
As already stated, Leggett’s model assumes that the state of
the local elements of a bipartite state is pure. The interplay be-
tween local and non-local realism in the space of parameters
of a given bipartite state is an issue not yet fully explored [14].
Here, we perform a step in this direction by comparing the be-
havior of L and the Bell-CHSH function obtained by using an
ECS, local rotations and homodyne measurements [20, 21].
Fig. 3 shows Leggett’s and Bell-CHSH functions, numeri-
cally optimized over the corresponding measurement settings,
FIG. 2: (a) Violation of non-local realism by the Leggett function
L in Eq. (10) for α = 10 (dashed curve) and α = 60 (solid curve).
The upper bound for Leggett model is also plotted against the angle
ϕ. The vertical dashed line indicates the value ϕ ≃ 0.2507 radians
at which the Leggett-type inequality in [8] is maximally violated,
regardless of α. (b) Violation of Leggett’s model by L against the
amplitude of the coherent state component in the ECS considered
in the body of the paper. In this plot we have assumed ϕ = 0.25.
The upped bound for Leggett model (straight line) is surpassed for
α ≥ 7.5.
5FIG. 3: Violation of local and non-local realism against the ampli-
tude α of the ECS components. We show the Bell function B (to-
gether with the local realistic bound 2) and the function L, which
violates the Leggett-type inequality when positive. The shaded re-
gion corresponds to values of α where local realistic theories should
be abandoned while Leggett’s inequality is still satisfied.
against α. The Bell-CHSH inequality is violated already for
α & 1 while, as seen in Fig. 2 (b), α should be increased up to
7 in order to violate the Leggett-type inequality we are study-
ing. The existence of an ample region where L ≤ 0 while
local realism should be abandoned is interesting. Although,
clearly, no firm statement can be drawn, it is tempting to “re-
tain” non-local realistic theories to explain all the measure-
ment results under our assumptions, in such region, a point
which has been discussed in detail in Ref. [14].
III. OPTIMAL LEGGETT-TYPE INEQUALITY
Very recently, Branciard et al. have proposed and experi-
mentally tested a new family of Leggett-type inequality which
supersedes those presented in [6, 7] in terms of number of re-
quired measurement settings at Bob’s site. The only assump-
tion in Branciard et al.’s derivation is the existence of valid
conditional probability distribution for the outcomes of the
measurements performed by Alice and Bob [8]. The simplest
inequality that can be derived in this context needs the Leggett
function
LS = (1/3)
3∑
i=1
|CL(ai,b+i ) + CL(ai,b−i )| (11)
and reads LS ≤ 2− (2/3)| sin(ϕ/2)|. The number of mea-
surement settings required at Bob’s site for this test is only 6.
While ai’s (i = 1, 2, 3) coincide with those used in order to
build Eq. (10), we have
b
±
1 ≡(pi/2,±ϕ/2), b±2 ≡(pi/2∓ ϕ/2, pi/2), b±3 ≡(±ϕ/2, 0).
(12)
As it is also shown in Fig. 4, the pairs of measurement-setting
vectors (b+i ,b
−
i ) lie on orthogonal planes and form an angle
ϕ. By following the discussion in Sec. II, it is straightforward
to check the violation of non-local realism by an ECS. The
results are shown for α = 60 in Fig. 5, where at ϕmax ≃ 0.65
the maximal violation of Leggett’s model is achieved. At this
FIG. 4: Measurement settings at Alice and Bob’s site for the test of
non-local realism as proposed by Branciad et al. in Ref. [8]. The
pairs of vectors (bi,b′i) with i = 1, 2, 3 lie on orthogonal planes,
the vectors forming angles equal to ϕ. The pair with i = 1, 2, 3 lies
on the plane with z, x, y = 0, respectively.
value, while the local realistic bound equals≃ 1.787, we have
LS ≃ 1.898. Both this value and ϕmax are in excellent agree-
ment with the expectations for the discrete-variable case [8].
As before, the degree of violation depends on the amplitude
of the coherent state components used in the ECS resource. A
picture analogous to the one presented in Figs. 2 can be easily
drawn. We omit it here for the sake of conciseness.
IV. EFFECTS OF DETECTION INEFFICIENCY
In order to include the effects of non-ideal efficiency of the
homodyne detectors, we need to modify our approach. An
imperfect homodyne detector with efficiency η can be mod-
elled by a beam splitter with transmittivity η superimposing
modes j = A,B with an ancillary mode aj prepared in vac-
uum state and cascaded with a perfect homodyne detector.
In this way, part of the field that should arrive at the per-
fect homodyne detector is tapped by the beam splitter. The
beam splitter operation between modes j and aj is defined as
FIG. 5: Violation of a Leggett-type inequality by the function LS in
Eq. (11) for α = 60. The upper bound for Leggett model is also
plotted against the angle ϕ. The leftmost vertical dashed line indi-
cates the value ϕ ≃ 0.65 radians at which the Leggett-type inequal-
ity in [8] is maximally violated. The rightmost one, corresponding
to ϕ ≃ 1.28 radians, sets the upper bound for ϕ ∈ [0, pi/2] for the
Legget-type inequality.
6Bˆjaj = exp[ζ(bˆ
†
j bˆaj − bˆj bˆ†aj )/2], where cos ζ =
√
η. Via the
dichotomization process described in Sec. I, the correlations
entering a Leggett function can also be expressed as
CLd ({θ}, {ϕ})=
∫
dxArdyBrs(xryr)P({θ}, {ϕ}, xr, yr)
(13)
where x = xr+ixi and y = yr+iyi are the complex in-phase
quadrature variables and P({θ}, {ϕ}, xr, yr) is a marginal
probability distribution calculated from the total Wigner func-
tion of modes A and B after the trace over the ancillae.
The calculation of the latter is sketched as follow. First,
we determine the Weyl characteristic function of state
Rˆ(θA, ϕA)Rˆ(θB , ϕB) |ECS〉AB , which reads
χ =AB 〈ECS|DˆA(µA, θA, ϕA)DˆB(µB , θB, ϕB) |ECS〉AB .
(14)
This equation shows that χ is the sum of matrix ele-
ments (over coherent states) of rotated displacement opera-
tors Dˆ(µj , θj , ϕj) = Rˆ†(θj , ϕj)Dˆj(µj)Rˆj(θj , ϕj), each be-
ing very easily evaluated using the operator-expansion for-
mula [22], Eqs. (2) and the relation
〈σ|Dˆj(µj)|τ〉 = e− 12 (|σ|
2+|µj |
2+|τ |2)+σ∗µj+τ(σ
∗−µ∗j ), (15)
where |σ〉 and |τ〉 are arbitrary coherent states. The Wigner
function is then calculated through the Fourier transform of χ
as
W{θ},{ϕ}(xA, yB)=
1
pi4
∫
d2µAd
2µBχe
x∗AµA+y
∗
BµB−h.c..
(16)
While the calculation is straightforward, the explicit form of
this function is rather uninformative and we omit it. The ef-
fects of detection inefficiencies are now included by convolut-
ing W{θ},{ϕ}(xA, yB) with the Wigner function of two ancil-
lary modes prepared in their vacuum state and considering the
action of the beam splitters used to model the inefficient detec-
tors on the quadrature variables. We call W d{θ},{ϕ}(xA, yB, η)
the Wigner function of the reduced state of A and B after the
degrees of freedom of the ancillae are integrated out. From
this, the marginal probability distribution is extracted as
P({θ}, {ϕ}, xr, yr) =
∫
dxidyiW
d
{θ},{ϕ}(xA, yB, η), (17)
which is all we need in order to get CLd ({θ}, {ϕ}). With
this, the Leggett function Ld is found as in Eq. (10) by re-
placing CL({θ}, {ϕ}) with CLd ({θ}, {ϕ}) and the inequality
discussed in Sec. II can be studied. The results are shown
in Figs. 6. The value of ϕ which maximizes the inequality
violation is independent of η, which is kept as 0.25 through-
out this Section. The effects of decreasing detectors efficien-
cies amounts in increasing the threshold values of α at which
Ld = Ld− 8+ 2| sin(ϕ/2)| becomes positive. This is clearly
seen in Fig. 6 (b) where it is shown that, even with extremely
inefficient detectors, a sufficiently large value of α allows
for maximal violation of non-local realism, a feature that is
unique of the proposed test for non-local realism based on the
use of ECS resources.
V. CONCLUSIONS
We have investigated the violation of non-local realism
using ECSs, local rotations implemented by nonlinear me-
dia and inefficient homodyne measurements. Our study re-
veals that, by reducing the overlap between the components
of the ECS used to test non-local realism, therefore faithfully
mimiking a two-qubit state, violations of an optimal Leggett
inequality up to the maximum allowed value is achieved.
Our work contributes to the characterization of the prop-
erties of ECSs as resources having important and intriguing
applications in quantum technology. The fact that ECSs al-
low for the violation of non-local realism is an accomplish-
ment that should be valued alongside the violation of Bells
and Mermin-Klysko inequalities by this very same class of
states [20]. On one hand, our study enlarges the range of use-
ful and interesting applications of the class of entangled states
embodied by ECSs. On the other hand, we believe our work
is endowed with further relevance, as it provides the recipe for
the implementation of all the necessary steps in the Leggett’s
test at hand and relies on experimentally non-demanding ho-
modyne measurements. A demonstration of our predictions
may be realized by generating the required ECS using a beam
splitter, one input mode in the vacuum state and the other pre-
pared in a superpositions of two coherent states as recently
implemented in Ref. [23]. The resource state is therefore not
far-fetched. On the other hand, it is clear from our analysis
that an important role is played by the nonlinear dynamics at
the basis of the effective local rotations used for the Leggett
test. The crucial point, here, would be the achievement of a
large enough nonlinear rate. Very important progresses have
been made in this direction [24] and one can be confident that
the tchnological gap will soon be filled. Our work contributes
to current studies on the interplay between locality and realism
by proposing a novel scenario where such a trade off, which is
crucial in the context of modern quantum mechanics, can be
quantitatively analized.
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